We investigate the scaling of the bipartite entanglement entropy across Lifshitz quantum phase transitions, where the topology of the Fermi surface changes without any changes in symmetry. We present both numerical and analytical results which show that Lifshitz transitions are characterized by a well-defined set of critical exponents for the entanglement entropy near the phase transition. In one dimension, we show that the entanglement entropy exhibits a length scale that diverges as the system approaches a Lifshitz critical point. In two dimensions, the leading and sub-leading coefficients of the scaling of entanglement entropy show distinct power-law singularities at critical points. The effect of weak interactions is investigated using the density matrix renormalization group algorithm.
I. INTRODUCTION
Quantum phase transitions are characterized by qualitative changes in the nature of the ground state as a parameter in the Hamiltonian is tuned across the transition, which mathematically manifests as non-analyticities in the ground-state energy and other local operators in the thermodynamic limit [1, 2] . The conventional framework for studying different phases of matter focuses on different symmetries and the identification of local order parameters that spontaneously break them. However, the discovery of distinct phases of matter with the same symmetry has recently introduced a more general notion of order associated with the global topology of groundstate wave functions [3] . For example, different quantum Hall states [4, 5] and topological insulators [6] are characterized by topological invariants. Topologically ordered states have distinct patterns of long range entanglement which can be probed using various measures of entanglement. In particular, one can consider a subsystem Ω of the full system with ground-state wave function |Ψ and its associated reduced density matrixρ Ω = Tr Ω (|Ψ Ψ|) obtained by tracing out the degrees of freedom in the remainder of the system, Ω. The bipartite entanglement entropy is defined as the von Neumann entropy of the reduced density matrix,
and is symmetric (for the pure state |Ψ ) between Ω and Ω. Non-trivial topological order can be then detected from the universal component of the entanglement entropy [7] [8] [9] [10] [11] [12] .
As entanglement entropy can serve as a useful diagnostic for non-trivial gapped phases, it can also be used to detect non-trivial topological structures in gapless phases. Many interesting properties of the entanglement entropy, including striking universal scaling behavior in one-dimensional conformal field theories (CFTs), have been investigated over the years [13, 14] . More recently, entanglement entropy has been computed for various gapless states in higher dimensions [15] [16] [17] [18] [19] [20] . In this work, we use entanglement entropy to detect and characterize quantum phase transitions between two gapless phases with the same symmetry but with different topologies. In particular, we study the scaling of the bipartite entanglement entropy across Lifshitz transitions, an example of a quantum phase transition in which there is no change in symmetry [21] [22] [23] . Instead, Lifshitz transitions are driven by changes in the topology of the Fermi surface, for example when two Fermi surfaces merge to form a single Fermi surface. The transition is signaled by van Hove singularities in the density of states and is due to the critical points where the Fermi velocity dε(k)/dk vanishes at the Fermi surface. We give both analytical and numerical results for the scaling of entanglement entropy in some simple systems that possess Lifshitz transitions and show that the entanglement entropy exhibits critical behavior across such transitions. We also use the density matrix renormalization group (DMRG) algorithm to investigate the effect of weak interactions.
It is worth noting that, because of the equivalence between entanglement entropy and particle number fluctuations in free-fermion systems [24] [25] [26] , many of the conclusions regarding entanglement entropy in the systems studied below apply to particle number fluctuations. In addition, recent proposals for measuring the entanglement entropy in interacting systems [27] [28] [29] [30] offer a promising way to observe the effects investigated in this work.
II. LIFSHITZ TRANSITIONS IN 1D
We begin with the simple case of one dimension. Consider the following, infinite system of one-dimensional arXiv:1210.8403v2 [cond-mat.str-el] 25 Mar 2013
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FIG. 1: (color online) Occupied modes (shaded) for the dispersion corresponding to Eq. (2) with n = 2.
(a) t = 0.1
(b) t = 0.33
FIG. 2: (color online)
Occupied modes (shaded) for the dispersion corresponding to Eq. (2) with n = 3.
whereĉ † i ,ĉ i are fermionic creation and annihilation operators on site i and t is the amplitude of the n-th nearest-neighbor tunneling relative to the amplitude of nearest-neighbor tunneling. The system has the dispersion relation ε n (k) = −2[cos k + t cos(nk)]. Since the dispersion is symmetric about k = 0, let the occupied modes in the ground state be k lying in the positive in-
and similarly for negative values of k. Here we assume t ≥ 0. As shown for the case of n = 2 in Fig. 1 and n = 3 in Fig. 2 , m is the number of Fermi surface "components" in the Brillouin zone, i.e., the Fermi surface has 2m points.
The entanglement entropy in the ground state of a system of non-interacting fermions can be determined from the matrix of Green's functions [31] 
where Ω is the subsystem of interest and consists of an interval of length (lattice sites). Here Θ(x) is the Heaviside step function. The entanglement entropy is then given by
It is a remarkable fact that Eq. (4) can be evaluated analytically in the limit of large , using techniques from the theory of Toeplitz, or translationally-invariant, matrices, in particular the Fisher-Hartwig conjecture [32, 33] . A straightforward generalization of the calculation for the case t = 0 carried out in Ref. [32] reveals that for t > 0 and → ∞ we have
where s 1 = (ln 2)/3 + Υ 1 with
The x j 's are related to the Fermi momenta by k j = cos −1 x j where |x j | < 1 are the roots of tT n (x) + x = 0 with T n (x) the Chebyshev polynomials of the first kind. Eq. (5) is valid if is sufficiently large relative to |t − t c |, the distance from the critical point. The main feature is the discontinuity of the logarithmic term: the prefactor of the leading, logarithmic term is proportional to the number of Fermi surface components m. The prefactor is proportional to the central charge of the underlying conformal field theory. That this is the special case of a more general formula will become clear when we consider the Gioev-Klich formula in the next section.
III. THE GIOEV-KLICH FORMULA IN 1D AND 2D
Various arguments [34] [35] [36] [37] [38] [39] have demonstrated that the leading scaling of the entanglement entropy in free fermions exhibits a logarithmic violation of the area law with subsystem size (linear dimension) , S( )
More specifically, a conjecture by Widom [40] leads to the explicit formula [35] 
for the leading behavior of the entanglement entropy in an infinite system of gapless fermions with a Fermi surface of co-dimension 1, i.e., the surface separating the occupied and unoccupied regions of the d-dimensional Brillouin zone is a (d − 1)-dimensional surface. Here ∂Γ is the Fermi surface, ∂Ω is the real-space boundary of the subsystem Ω scaled such that the volume of Ω is 1, andn k andn x are unit vectors normal to ∂Γ and ∂Ω, respectively. Although the mathematical derivation of Eq. (8) is somewhat complex, an intuitive explanation was given in Ref. [37] by associating each patch of the (d − 1)-dimensional Fermi surface with a chiral conformal field theory that contributes (1/6) ln to the total entanglement entropy, so that a simple patch-counting argument leads to the result. In one dimension Eq. (8) is simple to evaluate. For a real-space interval of length embedded in an infinite system, the geometric factor ∂Γ dA k ∂Ω dA x |n k ·n x | counts the number of boundary points on the Fermi surface and the real-space boundary, or 4m where m is the number of Fermi surface components. Therefore
which is consistent with Eq. (5) where the prefactor of the logarithmic scaling was derived through a microscopic calculation.
In two dimensions Eq. (8) can also be simplified. For convenience we consider an × square region of real space so that the scaled region Ω is a unit square. The normal unit vectors in real space are thus ±x, ±y. Since the Fermi surface is a curve in two dimensions, we can parametrize the curve by k x = k x (θ) and k y = k y (θ), with the unit normal vector given by the normalized ve-
Meanwhile, the line element is given by
but since
along the Fermi surface, we have
and we can write
Eq. (14) emphasizes the purely geometrical character of the prefactor of the leading scaling of the entanglement entropy in such systems, and can be evaluated by splitting the parameterization of the Fermi surface into piecewise monotonic regions. As the simplest example, consider the case of nearest-neighbor hopping on the square lattice at zero chemical potential. Then the dispersion is ε(k) = −2(cos k x + cos k y ). Since the Fermi surface is invariant under 90-degree rotations (which we will assume in all of the models considered in this work), we can treat the first quadrant only and multiply by 4. In the first quadrant of the Brillouin zone the Fermi surface is clearly parameterized by k x = θ, k y = π − θ for θ ∈ [0, π), so that Eq. (14) gives
More generally, including a chemical potential term in the dispersion leads to the prefactor [36, 41] 
for |µ| ≤ 4, which has a cusp at µ = 0 such that near µ = 0 we have α(µ) ≈ α(0) − (2/3π)|µ| 1/2 . Thus at µ = 0 we have a simple example of a Lifshitz transition, and in fact this transition is very similar in character to the transition at t = 0 studied below, cf. Figs. 3(c),3(d).
(e) t = 0.5 Consider now the more interesting dispersion relation
which arises from nearest-neighbor and next-next-nearest neighbor coupling on the square lattice. We treat this case to simplify the algebra, although a slightly more realistic model would include next-nearest neighbor coupling instead. To parametrize the Fermi surface, we again use the 90-degree rotational symmetry to limit ourselves to the first quadrant of the Brillouin zone and multiply the overall result by 4. Let (we assume t = 0 for the moment)
Then the Fermi surface is defined by
with the ranges of θ depending on t, µ so that −1 ≤ C + R cos θ ≤ 1 and
where
We note that the ranges for t > 0 are merely shifted by π from the values for t < 0. Fig. 3 shows some representative Fermi surfaces for different values of t. For t < −1 the occupied modes contain a "hole" that disappears at t = −1, while at t = 1 disconnected Fermi components appear. The result of using Eq. (14) is invariant under t → −t and can be described as where
As shown in Fig. 4 the prefactor of the logarithmic scaling is continuous but non-monotonic even for the same sign of t (partly because particle number is not fixed as t changes), and moreover has square-root singularities at t = 0 and |t| = 1. Specifically, near t = 0 we have
The presence of square-root kinks is a general feature in 2D, and is explained in the following section for arbitrary dimensions.
IV. GENERAL DIMENSIONS
We consider here the scaling of entanglement entropy near a Lifshitz transition in dimension d, focusing on the case where the co-dimension of the Fermi surface is 1 and the dynamical critical exponent at the critical point is 2, but it is possible and straightforward to extend the result further to more general cases. Consider the local fermion dispersion Near the critical point, the area of the Fermi surface in momentum space changes non-analytically as
for p = 0 or d, and
for 0 < p < d. In d = 1, it becomes a jump as we saw in Sec. II. It is of note that the non-analyticity does not depend on p. Since the entanglement entropy is related to the area of the Fermi surface (specifically, each patch of Fermi surface contributes a logarithm [37] ), the same non-analyticity shows up in the scaling of entanglement entropy.
V. NUMERICAL RESULTS

A. 1D
In this section we present results for the entanglement entropy computed numerically for the one-dimensional Hamiltonian in Eq. (2) . Numerical data is obtained for system sizes ranging from = 20 to = 200 for n = 2,3 respectively. In Fig. 5(a) , we show the entanglement entropy for n = 2 as a function of t for various values of . Even for relatively small , the Lifshitz transition at t = 1 where the number of Fermi points changes is clearly visible. As increases, the discontinuity becomes more pronounced and sharper. The shape of the entanglement entropy is pretty similar for = 100 and 200, which suggests that = 100 is already close to the thermodynamic limit. The entanglement entropy as a function of is fit to the form S( ) = α(t) ln + b(t) upto = 200, allowing us to extract the coefficients as a function of t. It is noted that α(t) and b(t) are the coefficients obtained by fitting S( ) as a function of . Therefore, they are independent of . The coefficients are shown in Fig. 5(b) and Fig. 5(c) . As expected from the increase of the number of Fermi points by a factor of 2, the leading coefficient α(t) doubles across the transition. In Figs. 6(a), 6(b), and 6(c), we show the entanglement entropy and the leading coefficients in the n = 3 case. Because the number of Fermi points increase by factor of 3, α(t) triples in magnitude across the transition. Now we discuss the finite size crossover behavior of entanglement entropy near the critical point focusing on the case with n = 3. When t is slightly larger than the critical hopping t c = 1/3, two small Fermi pockets are formed near k = ±π/2 as is shown in Fig. 2 . This sets a characteristic length scale
, where k F is the size of the newly formed pockets. This can be understood from the dispersion k = a(t c −t)δk+b δk 3 +..., with δk = k − π/2 near the critical point, which implies that the size of small Fermi pockets scale as k F ∼ (t − t c ) 1/2 . For l > l * , the entanglement entropy is expected to show the asymptotic behavior charge for the low energy modes. For < * , however, the newly formed small Fermi surfaces are not completely resolved, and the entanglement entropy shows a different behavior. In Fig. 7 , we plot the entanglement entropy with the constant piece subtracted, as a function of ln for various values of t with n = 3. When t is sufficiently close to t c , there is a wide range of < * where the small Fermi pockets are invisible so that the entanglement en- tropy increases as 1 3 ln before it crossovers to ln . For t > 0.336, the 1 3 ln behavior essentially disappears. Interestingly, the entanglement entropy appears to increase with a higher power of the logarithm (ln )
A with A > 1 at short distances before it saturates to ln . In the noninteracting case with n = 3, the ground state right at the critical point is rather boring: it is the same as the one for t < t c . That is why the entanglement entropy at the For large , the entanglement entropy fits well with ln (blue line), whereas for small , the entanglement entropy behaves as 1 3 ln (black line).
critical point shows the usual logarithmic behavior with c = 1 3 . However, this is no longer the case for interacting systems. It would be of great interest in the future to study the possibility of the violation of the logarithmic behavior in interacting quantum field theories with general dynamical critical exponent z > 1.
B. 2D
We now turn to the two-dimensional case. The entanglement entropy is calculated for the tight binding model on the square lattice. With the nearest-neighbor hopping whose magnitude is normalized to 1 and the nextnext-nearest neighbor hopping t, the dispersion is given by Eq. (17) . The chemical potential is fixed to µ = 0, and t is tuned to induce Lifshitz transitions. Under the transformation c i → c i (−1) ix+iy , the energy dispersion transforms as t (k) → − −t (k). This implies that the entanglement entropy is an even function of t. We therefore focus on the regime with t ≥ 0. Results are presented for subsystems of size = 5 up to = 80 with 0 < t < 1.5. The entanglement entropy is expected to take the general form
In Fig. 8(a) , we show the entanglement entropy as a function of t for = 80. The peak at t = 0 and the kink at t = 1 become more pronounced as increases. However, and r ≈ 0.490 ± 0.009 as shown in Fig. 9 , fairly consistent with the analytic predictions s = (4/3π) ≈ 0.4244 and r = 1/2. We can also extract the scaling behavior of the next leading-order coefficient. It was found that b(t) − b(0) also follows a power law for t small as is shown in Fig. 9 . In this case, we have b(t) − b(0) ∼ |t| r with r ≈ 0.335 ± 0.006 near t = 0. Although the sub-leading term itself is non-universal, the critical exponent that governs the scaling behavior near the Lifshitz transition may be universal. It is of great interest to establish this rigorously in the future. It is remarkable that the subleading coefficient vanishes with a smaller power than the leading coefficient. The Lifshitz transition at t = 1 shows similar behaviors except that the non-analyticity appears only for t ≥ 1 as expected.
We also computed the entanglement entropy for the model with next nearest neighbor hopping with the dispersion
(30) The entanglement entropy and the leading coefficients are displayed in Figs. 10(a) , 10(b), and 10(c). The behavior of t near the critical values is similar to that which was shown for the previous dispersion.
VI. EFFECT OF INTERACTIONS
How would the above conclusions for free fermions change in the presence of interactions? A priori, interactions introduce new phases that are not amenable to the above analysis [42] [43] [44] . In principle, the generic Lifshitz critical point may disappear due to a pre-emptive spontaneous symmetry breaking [45, 46] . In this case, the Lifshitz critical point becomes a multi-critical point that requires tuning more than one parameter. At sufficiently low energies, however, the low energy modes are still described by a collection of one dimensional chiral fermions. In light of the argument in Ref. [37] , the main features of the scaling of the entanglement entropy away from a Lifshitz transition in interacting systems with Fermi surfaces should be qualitatively similar for sufficiently large . Indeed, the study of Lifshitz transitions in several mean-field approaches [23] suggests that the methods used in this work may be applicable to the quantitative analysis of such systems. It would be of interest to examine the entanglement entropy right at the critical point described by interacting quantum field theories with a general Lifshitz scaling, z = 1. In order to partly address some of these issues in onedimensional case we have performed DMRG calculations on the model Eq. (2) in the presence of an interaction term V :
A parallelized finite system DMRG method was used with the number of states kept ranging from m = 256 − 512 with open boundary conditions. By partitioning the system in left and right parts of linear extent l and L − l, respectively, the bipartite entanglement entropy S(l, L) can then be straight forwardly calculated. We first discuss our results for V = 0, n = 2 shown in Fig. 11(a) . In contrast to results in the previous sections the DMRG calculations were performed at fixed particle number, at half-filling, as opposed to fixed chemical potential. In this case the Lifshitz transition for n = 2 occurs at t = 1/2. We first focus on the results for t = 0.45, 0.49, 0.50 (V = 0), which are nearly identical. For gapless systems with open boundaries the uniform part of S(l, L) is known from CFT [14] to be
with c the central charge. The uniform part of our results for t = 0.45, 0.49, 0.50 (V = 0) follow this form very closely with a central charge of c = 1. A known [47] alternating part of the entanglement entropy is also visible in the results for t = 0.45, 0.49, 0.50 (V = 0). When t is increased beyond the Lifshitz transition at t = 1/2 two effects are clearly visible: The entanglement entropy increases while pronounced oscillations develop. Such enhancement of entanglement entropy has been also observed in other systems [44, 48] . Since the system remains gapless the uniform part of S u (l, L) should still be given by Eq. (32), but due to the pronounced oscillations in S it is not possible to fit to this form until rather large values of t. At t = 2 such a fit yields an approximate central charge of c 2 corresponding to a doubling of the number of Fermi points. The wavelength of the oscillations correspond to the momentum associated with the small Fermi surface in Fig. 1(c) . We expect similar oscillations to be observable in many other observables. Similar oscillations in the entanglement entropy have also been observed in spin chain systems. [26, 49, 50] .
Our results for V = 0.2 n = 2 are shown in Fig. 11(b) . As was the case in the absence of interactions the uniform part of the entanglement entropy is again described by Eq. (32) . This continues to be the case until t ∼ 0.54, at which point the entanglement entropy again dramatically increases and oscillations appear. From these results for S(l, L) no sign of another phase appearing is apparent and the only effect of the interactions is to slightly shift the transition point away from t = 1/2.
We have also obtained preliminary results for n = 3. In this case the expected tripling of the entanglement slows the DMRG calculations since the number of states that must be kept is significantly larger. However, our preliminary results indicate similar oscillations as for n = 2 with the Lifshitz transition again preserved in the presence of weak interactions. It would be very interesting to extend the DMRG results presented here in order to examine the possibility of a violation of logarithmic scaling at Lifshitz critical points with interactions present. We are currently investigating this issue.
VII. CONCLUSION
We have theoretically investigated the scaling of entanglement entropy across Lifshitz transitions in gapless fermions where the transition is driven by a change in the topology of the Fermi surface. In one-dimension, the prefactor of the leading contribution to the entanglement entropy in the long distance limit, which is known to exhibit a logarithmic correction, jumps as the number of Fermi points increases across Lifshitz transitions. The diverging length scale associated with the small Fermi pockets near the critical points shows up as a crossover scale in the entanglement entropy. In two-dimensions, it is shown that the leading and sub-leading coefficients of the entanglement entropy exhibit scaling behaviors with distinct exponents. Preliminary DMRG results for the one dimensional case indicate that similar behavior is present in weakly interacting systems.
